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The problem of the transverse bending deformations of a heavily loaded, thin, middle layer of material in a three-layer, linearly
elastic medium is considered. Special versions of the theory of perturbations are developed to analyse the two-dimensional dynamics
of the layers. As a result of “joining” them, a quasi-one-dimensional model is constructed which describes the evolution of the
bendings of the middle layer close to the threshold of its stability. The possibility of the formation of “transverse corrugation”
solitons which precede the inelastic deformation of the middle layer, is established. The condition for the existence of solitons
are investigated as a function of the external stress, the thickness of the middle layer and the material parameters of the medium.
© 2005 Elsevier Ltd. All rights reserved.

Undulating deformations of the individual layers of a material are observed experimentally for different
methods of deforming sample [1]. Obviously, transverse corrugation accompanies the most heavily
loaded layers of a medium with a restraining effect of the neighbouring layers, which are weakly loaded
and therefore stable layers. In order to reveal the special features of this mechanism, we will consider
the dynamics of a non-linearly elastic layer of material in the form of a plate, constricted by two half-
spaces with smaller moduli of elasticity. The local bendings of the plate are assumed to be comparable
with its thickness. The theory of finite deformation [2-4] is therefore used.

The Murnaghan theory of finite deformations is attractive due to the fact that, in this theory, the
total non-linearly elastic energy of a system is chosen in the form of a series over all invariants of the
Lagrangian strain tensor which are compatible with the symmetry of the medium. At the same time,
more up-to-date versions of the non-linear theory of elasticity to simplify the problem are limited by
a certain finite set of invariants, using additional geometrical hypotheses as a criterion for selecting them,
the validity of which is difficult to estimate quantitatively. In the final analysis, each new “qualitative”
choice of invariants must be tested on the solutions of actual dynamical problems.

Avversion of the reductive theory of perturbations is developed below. The advantage of this version
is the fact that it enables one to pick out the main interactions, which reflect the dynamic symmetry of
the problem under consideration, from the total non-linearly elastic energy of the system without prior
hypotheses. The proposed procedure automatically leads to a reduction in the number of phenomeno-
logical constants in the initial expansion of the non-linearly elastic energy of the system, since these
constants are confined by the conditions of self-consistency into a small number of parameters which
will also be the experimentally observed effective moduli of elasticity of the layered medium.

The initial (3 + 1)-dimensional equations of the non-linear theory of elasticity are exceedingly complex
to analyse. A constructive solution of the problem is possible by constructing simplified equations which
correctly take account of the main features of the problem and, at the same time, can be solved exactly.
The transverse bendings of a plate induce deformations in the underlying materials. The effects of the
non-local counter effect of the substrata on the plate makes a theoretical description of its dynamics
a lot more difficult. The problem is simplified close to the threshold of instability of the plate using
linear theory. In this domain, it is possible to restrict the treatment to the slow space-time evolution
of the linear mode which is responsible for the corrugation of the plate. Due to the instability of the
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linear mode, the non-linear properties of the medium manifest themselves and start to play a decisive
role. The effects of non-linearity and dispersion limit the growth in the amplitude of the displacements
and they open up the possibility of the formation of long-lived non-linear perturbations and structures
in the plate.

The domain of characteristic space-time scales and external loads, in which an investigation of the
corrugation of the plate using the simplified model is possible, is separated out. The boundary conditions
for a three-layer medium, which correspondent to slippage of the middle layer past the supporting layers,
are set up. The simplified model of the quasi-one-dimensional dynamics of the bendings of a heavily
loaded layer of material is derived from the complete system of equations of the non-linear theory of
elasticity, including all interactions which are compatible with the symmetry of the medium, with a
controlled accuracy with respect to the small parameters, which reflect the magnitude of the external
stress, the space-time response of the medium to external actions in the domain of characteristic scales
which is being considered, as well as the geometrical and physical non-linearity of the material.

When constructing the model, a non-trivial, non-linear boundary-value problem is solved, in which
the shape of the surface of the heavily loaded layer of the medium is not known in advance and is found
in the process of solving the problem. We also mention that the proposed approach reduces the study
of the real, non-unidimensional dynamics of a layered medium to an analysis of the solutions of the
effective one-dimensional equations. The special features of the self-localized corrugation of the layer
of the medium are determined as a result of the dispersion balance, which has a geometrical origin and
depends on the thickness of the layer and the boundary conditions on its surface, the non-linear
interaction of close unstable modes of deformation and, also, non-local interaction between the layers
of the medium.

So far as we are aware, the dynamics of such deformations of a material have not been investigated,
although self-localized, non-linearly elastic bendings of the individual layers of a medium leads to stress
concentrators and, consequently, cause subsequent plastic flow of the material.

The possibility, in principle, of an analytical description of long-lived, spatially-localized, non-linearly
elastic perturbations and of structures close to the thresholds of instability of multilayer media is
illustrated. Solitons of the transverse corrugation of a layered medium, which precede the inelastic
deformation of a material, are predicted and investigated on the basis of the model constructed.

Note that the model equations will be suitable for investigating the evolution of the shape of a heavily
loaded layer and after it has lost stability, while the deformations remain non-linearly elastic and
comparatively small.

1. FORMULATION OF THE PROBLEM. BASIC RELATIONS

Consider a plate of thickness d, constrained by two non-linearly elastic half-spaces, one of which is located
above the plate (x3 > d/2) and the other below the plate (x; < —d/2). Suppose x;(¥;) are the coordinates
of a point mass of the plate (one of the supports) prior to deformation, X, = x;, + u(x, 1) (X; =
¥ + (X, 1)) are the coordinates of the same point after deformation (the Latin subscripts take the
values 1, 2, 3, unless otherwise stated), and u(x, ) and v(X, ¢) are displacement vectors.

In the theory of finite deformations [2-4], the elastic energy of a medium is described in the form
of an expansion in the invariants of the Lagrange strain tensor

N = %[aiuk + Oty + Oyt gty ], My = %[aivk +0,; +0;0,,0,0,] (11
Suppose the material of the layers is isotropic. We take as independent invariants

2
11 = nll’ 12 = nnm9 13 = nnmnmknkn

We shall further denote the compatible physical quantities for the plate and the other layers using the
same letters. We shall place a small concave arc (V) over quantities which refer to the supports. When
this does not give rise to any misunderstandings, we shall only talk about the plate.

We represent the energy of the non-linearly elastic plate in the form [2-4]

W= foix, 9=Y Y A V151 (1.2)

Vo n=2{kpg)=n
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where ¢ is the energy referred to unit volume of the plate prior to deformation. The expression
3 kpgy = n demotes that the term for whichk + 2p + 3g = n(n > 2) are summed, and integration ig carried
out over the volume ¥, of the plate prior to deformation. We assume that Ay, are comparable in order
of magnitude.

The dynamic equations for the plate have the form [2-4]

- poafui +0d,P, =0 (1.3)
where

_ 20 _ % .
Pis = Siow = .t %ian,, (14)

and p, = const is the density of the medium in the undeformed state. '
The tensor Py is asymmetrical in the indices i, j. At the same time it is connected by a simple relation
with the symmetrical stress tensor of the undeformed medium [2]

:I_IP,»,(% - [det %’_:

For the subsequent analysis, it is convenient to introduce dimensionless variables. Suppose / is the

characteristic scale of the deformations of the plate in the x;Ox;, plane, and a and 1y, = INu/pg are the
characteristic amplitude and time of the deformations (p is the shear modulus of the plate). We define
two parameters €, = a/l and €, = d/I which reflect the order of smallness of the amplitudes of the
displacements and the thickness of the plate. In the dynamic equations of the plate, we change to the
dimensionless variables

Tij = [det 3_); :|_1 X;

Pigy, (15)

€y = X/, M=x3/d, ©=4Hty, w=an; oa=12
They then take the form
le €000, = €,05Pop + 0Py e €,d 0, = €0pP3p5 + 9yPa3; 0L B = 1,2; 9, = 9/, (1.6)
We will now consider the domain of strong bending deformations of the plate, where the estimate
€ ~ & (a ~ d) holds.

_ Suppose the support material has smaller moduli of elasticity compared with the material of the plate:
AjpglAipg = O(€}). An external stress T$}', which is uniform at infinity, is applied only to the plate. Then

T = O(e)) + O(e))

The problem is simplified when there are no external loads of the order of €;[5].
We will describe the deformations of the supports with other dimensionless variables:

&k = )Ek/l, T= tlTCh’ ‘Ui = aT),—, l,k = 1, 2,3

In these dimensionless variables, the equations of the non-linear theory of elasticity for the supports
have the form

7061325 = 9Pus Yo = MPe/(ipg) = O(1), 3, = /DL, (L7)

The domain of physical parameters of the problem, in which the non-linear dynamics of the plate
can be studied within the framework of the simplified model, is separated out by the conditions which
have been enumerated [5]. We next consider the case when the displacement fields of the three-layer
medium are independent of the coordinate x,(%,) and the components of the displacements u, and v,

tSee also: KISELEV, V. V. and DOLGIKH, D. V,, An effective model of the two-dimensional non-linearly elastic dynamics of
a thin plate. Preprint No. 26/50(02). Ekaterinburg, IFM UrO Ross. Akad. Nauk, 2001,
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are equal to zero. With the aim of constructing the model, we shall seck a solution of the dynamic
equations of the three-layer medium in the form

By =y G0+ S A Epn ), & = B0E D+ Y A (ELNT)
n=2 n=1

- (1.8)
i= Y 0ELE, D, =13

n=0

<t

The superscripts indicate the general order of the terms with respect to the parameters € and
¢, (¢, ~ €). Note that the fields #{) and D” describe the local deformations of a medium with a
characteristic scale [ 817§0)/8§k = 0O(1), aag?)/agl = O(1) and, also, their slow space-time modulation,
while the displacement zzgo) only describes the uniform planar stressed state of the plate and its slow
modulations for which augo)/aal = (Of(e;). These assertions will be refined below in Section 3 by

introducing slow variables and, in particular, the separation of the term a§°> from the correction ﬁgl)

will be made specific. 5
The expansions of the tensors P; and Py

(n) D p(r). .+ _
Pijz ZPJL, PU = Zpi;lv l’.] - 173 (19)
n=1 n=1

correspond to the solution of the form (1.8), after they have been substituted into Egs (1.6) and (1.7),
a chain of perturbation-theory equations is obtained.

Analysis shows that, under the conditions formulate above, we can confine ourselves to a finite number
of terms in representation (1.2) for the non-linearly elastic energy of the medium. We must retain the
following terms in the energy density of the plate

¢=%ﬁ+u5+§g+355+§ﬁ (1.10)

where A, u, a and B, are the moduli of elasticity of the plate [3].

Since the supports have smaller moduli of elasticity, it is necessary to retain more terms in the energy
of the supports to “join” the stresses along the interfaces of the media:

Av  wvv Cws Hes Fvv Mwv N-
304 BIEy+ S+ S0+ ST+ T+ 1Y (1.11)
The moduli of elasticity H s F,M, N, are introduced so that comparatively simple coefficients are obtained
in the final formulae.

2. THE CONDITION FOR THE SLIPPAGE OF THE MIDDLE LAYER

We will now formulate the boundary conditions corresponding to slippage of the plate past the supports.
On the touching surfaces of the plate and the supports, the normal components of the displacements
of the medium must be continuous. In the first orders of perturbation theory, the boundary conditions

~ (k) _ k)

—(
U3 n=21p = Vs k=02 . =0 2.1)

&=0

g =0

correspond to this requirement, where & = & + d/(2]). .
The normal to the deformed surface of the plate is defined by the relation [2]
dx

5

j=§za§

m;
N, =r—, m

m
where n = (0, 0, 1) is the vector of the normal to the undeformed surface of the plaztg. An expression
for the normal in terms of the displacement fields, apart from terms of the order of €1, is next required,
namely

ij=13
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2
€
Ny = -0, +o(e3). N, = 1_5‘(ala§°))2+o(ef) 2.2)

As a consequence of the slippage of the plate, the shear stresses in the deformed surfaces of the plate
and the supports must vanish:
NieisTgN, = 0, Niey TyN, =0
where ¢; is the antisymmetric unit tensor (e;3 = 1). The expansion of these relations in the parameters
€, € (see formulae (1.5), (1.9) and (2.2)) gives the boundary conditions for the equations of perturbation
theory
(4) (k) =(0) pk-1)
Piyly-nn = 0, [Pi3 +€,0)i3 Py

]|1‘l=i-1/2=o’ k=356 (2.3)
BY =0, [PP+e0,a P01 =0, n=253 '

£=0 £5=0
Note that, though the shear stresses at the touching surfaces of the plate and the supports vanish,
the tangential components of the Piola—Kirchhoff tensors Py3 and P,5 do not vanish.
The requirement that the normal stresses should be continuous on the touching surfaces of the plate
and the supports

NT;N; = NT;N,

gives the following boundary conditions for the equations of perturbation theory

(4) _ p) (5) _ rpd =(0) 5(1)
P |n=¢1/2 = P33 l§§=o’ P33 ln=t1/2 = [P35 —€0,D; Pyl Ei=0

(2.4)
(6) — rp® =(0) 5(2) {1y =(1) (1)
Pyl -nin = (P33 — €0, P33’ + € Pyy[0,5; - 0,7 ]}lggzo

In considering relations containing the components of P,(-") and qu‘), it is necessary to take account
of the different order of magnitude of the moduli of elasticity of the plate and the supports.

The boundary conditions on the edges of the plate characterize the counter effect on the plate of
the deformations in the supports. In particular, from conditions (2.4), this effect takes account of the
change in the normal stresses as a consequence of the different compressibility of the plate and support
materials.

In formulae (2.3) and (2.4), due to the small moduli of elasticity of the supports, the link between
the stresses on the surface of the plate and the stresses in the supports manifested itself starting from
the fourth order of perturbation theory for the plate. The stresses on the developed surface of the plate
vanish in the lower orders of perturbation theory. This requirement is equivalent to the conditions

(n)
Pi3

n=stp =0 n=123 (2.5)

The static deformations of the medium at infinity must ensure the equilibrium of the supports which
have been compressed on account of the deformation of the plate. The dynamic deformations of the
supports vanish at infinity.

3. THE REDUCTIVE THEORY OF PERTURBATIONS

The non-linear dynamics of the plate are determined not only by the local interactions of its own
deformations but, also, by the “indirect” interaction of the deformations of the plate in terms of the
displacements of the supports. Even in the simplest case of a quasi-one-dimensional corrugation of a
plate, the displacements of the supports are two-dimensional. The indirect interactions are therefore
non-local. In the case of the quasi-one-dimensional dynamics of a plate, perturbation theory (1.8) gives,
generally speaking, non-linear, integrodifferential equations. The problem is simplified and reduces to

an “almost local” problem when the plate experiences undulating corrugation close to that which
corresponds to a neutral-stable linear mode.



952 D. V. Dolgikh and V. V. Kiselev

We shall consider this case. According to linear theory, close to the threshold of instability of the
plate, it is necessary to specify the solution (1.8) by introducing the dependence on the slow variables
Xand T

oo

g o= a0 XD+ Y Y a0 T m)exp (ki)

n=11l=—o

iy = ['(0 b (X, T)exp(ik&,) +c.c.] + z 2 i l)(X T, m)exp(ikl&,) (3.1)

n=21l=-co

o0

=2 X O X, T, E)exp(ikl€)), m = 1,3
n=1l=

The index n characterizes the order of the terms with respect to the parameters e;, € (€ ~ €), and

ki Is the wave number of the neutral-stable linear mode which is formed in the case of the critical stress

T 1. The Values of k and 717 are found when solving the problem. Further analysis shows that the estimate
T/ = O(€)) holds. _ N

In the case of external stresses T close to 713, the non-linear dynamics of the plate is determined
by the unstable modes, the wave numbers of which lie in a small neighbourhood of the crltlcal wave
number k. The radius of the neighbourhood depends on the extent to which the stress 7'§}" differs from
7" We will henceforth assume that (T3 ~ Ti8)/u = O(e}), and then the slow Varlables = €&y,
T = eit, which describe the modulations of the fundamental harmonic ~exp(ik&,) as a result of its
interaction with the close unstable modes, are defined in terms of the parameter €;. In the final analysis,
the validity of the scale expansion is justified by the self-consistency of the results.

The versions of perturbation theory are considered in accordance with relations (3.1). One of them
is for the description of the non-linear dynamics of the plate and the other is for the description of the
non-linear dynamics of the supports. As a result of their “joining”, an effective, quasi-one-dimensional
model of the evolution of the envelop of the transverse bendings of the plate will be constructed.

Perturbation theory for the plate. The chosen form of the solution (3.1) leads to the following
representations for the components of the tensors Mg, and P,

S 3 eplikity, Py =YY P Vexplikity) (32)

n=1l=—eo n=1]l=-o

We find the relation between the coefficients n(” ') and 7" ? by substituting expression (3.1) and (3.2)
into relations (1.1). Since the initial fields are real the functions #™ %, etc. satisfy the conditions

ﬁgn, -y [ﬁ,('n' I)]*

The components ah n(" D P(” ) depend on the variables , X and T. Substituting expressions (3.2)
into relations (1.6), (2. 1) (2 3) (2 5) and equating terms of the first order of smallness for each of the
independent harmonics, we obtain boundary-value problems in the variable 7.

In the first orders of perturbatlon theory, we have boundary-value problems with trivial solutlons
P(” D=0 =1,2)and P33 =0 (k = 2, 3). The first of these is equivalent to the condition n nh =
from which it ﬁrstly follows that the coefficients n§3 ), in fact, are not equal to zero starting from n=
3. If the condition n D=0 =1,2)is rewrltten in terms of the displacements, equations for calculating
the fields l/_t(" D are obtamed The functions u( (n=1,2)withl=0,2,3, ... turn out to be 1ndependent
of n. We shall subsequently indicate functlons which are independent of m with a tilde: u( b= ~(” D
(n=1,2;1=0,2,3,...). The coefficients u( D (n = 1, 2) are expressed in terms of & u @n'

L_l(l’l) on (1,1)’ 12(2’1)

= - €,ikni; = —€ e2naxu(0 Dy ﬁ(lz b (3.3)

where u(" D (n = 1, 2) are arbitrary functions which arise durmg 1ntegrat10n they are determined
by the followmg orders of perturbation theory. It is found that u( =0and (n =1, 2).
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From the relations

PR = (v 2pm +an{t =0, 0= 2,3 (3.4)

we find the connection between ng’} D and n33 !) which is useful in the subsequent calculations and leads
to the representation

P = (v v2wnt?, n=2,3
Henceforth, the effective modulus of elasticity of planar deformation
A= 2A/(A +2p)

is introduced which characterizes the stresses (in the linear approximation, see [5]) which arise in the
middle layer when an element of its area is changed.

We will now explain the general scheme for the calculations by taking as an example the boundary-
value problem

(3,0 (2,0 (3 )]
o Py +&iklPTY = 0; lyoon =0, 1=01,2 .. (3.5)

We integrate Eq. (3.5) over the thickness of the plate. We obtain the condition for it to be solvable

12 12
j P(2 l)dn - (7\"'*'2]-1) J' n(12 l)dn =0, [ =12, ..
-12 -1/2

from which we find the relation between the functions

- €0k _ 2
=0, a"? =" = 20N G 2o, 1= 3,4, (3.6)

~(1,1)
U
L 4

which have already been introduced.
The constraints (3.6) mean that only two of the coefficients n(2 g (z0)

2,00 _ ~(0,0) | ;2[-(0,1) 2,0 @1
= 1(E)X +k I I =€

~(0,1)
ny €1 » My ' = €e 2k Tit3

(3.7)

do not vanish.

The quantity e characterizes the longitudinal deformation of the plate, which is homogeneous
throughout its thlckness.

When!/ =0, 1,2, ..., the solutions of problem (3.5) have the form

20)

pe ——(k‘+2u)e1e21k3 - (0, ”(T] _ZD PGV =0, 1=023,.. (3.8)

The constraints on the quantities n(z ) which have been established (see (3.7)) enable us to turn to
Eqgs (3.4) and solve them for the fields u( D As a result of integrating the equations obtained, the
corrections @ are calculated

a0 _ A 20 ~(0,1) a- (2 0)
i I m €1 M—(€k)|u ' ,

—(2, 1) 20,1 2,1

a2V - (e2kn) B0 4 @D

(3.9)

(2,2 Elezk ~(0,1 -
ug ) _ (< )32 (2,2)

: )+ i

(2.1 ~(2,1
D S I A

where agz' D(=0,1, ...) are functions which arise in the integration.
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In order to progress further, we note that, on the one hand, the components P% ) have already been
found in (3.8) and, on the other, they can be expressed in terms of the deformations

3, n,
P = 2un(y” (3.10)
Not only the deformations n% D', but also the longitudinal displacements ah

(3,0 ~(3,
u(l’) u(1 ”

3

0 =i ENT L K s eyenf a0 e K )00 40
4u/3 40 2u 4u (3.11)

-3, _ N 2.3 2.-00,1),2 o ~(2,2) (3,
u(l ) = Eeleztk n [ug b —2e2tknu<3 )+u(13 &

9,00 +eiklis " = 0, 1=3,4..

can be found from Eqgs (3.10).

The arbitrary functions a?’ ) appear again after integrating relations (3.10).

The overall computational scheme will be self-consistent, if the functions, which were arbitrary in
the first orders of perturbation theory, are, in the final analysis, united into a block such that a closed
system of equations is obtained which determines the evolution of the first of them. This system of
equations will also be an effective model of the non-linear dynamics of the plate. The procedure is closed
only if the slow variables are correctly chosen. The relations between the functions arise from the
conditions for the boundary-value problems of perturbation theory to be solvable. It is noteworthy that
the proposed perturbation theory satisfies the criterion which has been formulated. The necessary
calculations are simple but tedious and are carried out using the scheme which has already been
described. We will enumerate the key aspects.

For the problem

(4,

. 3,1 2,1 ,
9, Py + eiklPT " + € 6,05 P = 0; P

13 T]=i1/2 = 0, l = O, 1, 2, ean (3,12)

the conditions of solvability not only give algebraic relations between the functions which have arisen
during the integrations but, also, the equation

ol ” =0, off” = (v +2p)et” (3.13)

Since the external stress at infinity [Tf’l“](z’ % = const, we conclude from relations (1.5) and (3.13) that
~ ~ 2 2,0
0'(121’0) = (A + Zu)ef[axu(lo’ 0y k2|u(30’ l)| ] = [T?’;‘]( " = const (3.14)

Using the constraints which have been found, we calculate the components P%’ ) from the solution
of problem (3.12). Only P(fg D= —ielaxakP% 1 js found not to be equal to zero. This information about
P(f; D is sufficient to construct an effective model. Tt is not possible to calculate the corrections " "
since they do occur in the equations for the bending of the plate. The fields L‘t(33’ ) also do not appear
in the effective equations and it is therefore possible to avoid the integration of system (3.4) when
n =73

The reactions of the supports to the bending of the plate manifest themselves starting from the fourth

order of perturbation theory.
We will illustrate this, taking the following boundary-value problem as an example

. (3.15)

. (3,0) 4,0 . (4, 1) _ pLh
EzlklP3l +anP33 = 0, P33 = P33 };5:

N =212

Stress P% Dy £z = g, Which are due to deformations of the supports, act on the plate surfacesn = 1/2.
The version of perturbation theory (for the plate and for the supports) are therefore interrelated. The
success of the method is due to the fact that the boundary-value problems for the supports are solved
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using displacements and deformations which have already been calculated on the plate surfaces n =
*1/2. In order not to interrupt the analysis of the dynamics of the plate, we will consider the perturbation
theory for the supports in the following section, and it is here that we present the results of the solution
of the boundary-value problems for the supports. Only the component P ') is non-zero on the plate
boundary and it is defined in terms of the transverse displacements of the plate u( D,

2“}\.

POV =% (x +2We @l V(x, T), N =
) k+2u

(3.16)

Note also that, when n = 3, the fields P(” D and P(” ) are not equal. However, accordlng to relations
(1.4), they are related to one another so that it 1s always possible to find P +D using the known

components P D In particular, using relations (3.8), it can be shown that, when /> O two of the functions
P(3 D

G
P31

(7\1 + 2”)6 Ezlk3 (, 1)(’]“ i) +Ellku(0 1)[7€)1it](2v0)
(3.17)

P = (4 2m) ek’ [ VT

are non-zero.

On integrating Eq. (3.15) with [ = 1 over the thickness of the plate, we obtain the condition for it to
be solvable

[Text 2,0 _7\‘ +2u_(€2 )

T (A +2u) (3.18)

Relation (3.18) connects the external compressive stress [775}" 29 with the wave vector k of the neutral

stable linear mode, which is responsible for the corruga‘uon of the plate From the condition for
an extremum of the function [T5Y]®? (k), we find the minimum stress T11 and strain eﬁ 0 , starting
from which corrugation of the plate is observed, and the value of the wave number &, corresponding
to it.

5»'+2{1
A+2u

Tl]lil _ _7\. + 21 2,0

(k)" = (W +2wer”, glkg

(3.19)

The solutions of the fifth-order equat10ns of perturbation theory give the fields P(5 D and P (5 D The
componentPgs1 D is expressed in terms of P( Y and the other known fields using relat10n (1.4). In order
to construct a model of the bending of the plate Pgl D is required, though not the function itself but
its mean value. We now present the final result

12
[ PSP mdn = egikoiis” Vlof)
-12

7+ (ko) pl -

(3.20)

A +2u 3~ (2 n_A+2p az ~(0,1) g(v4) ~(0, 1)[2~(0, 1)
- 6 1 2 k 4 +El?lg u3 l u3

_1[(”_&')(&_% )+M]
P=gl "auhs "¢ 6

a; and a, are the effective moduli of elasticity of the plate, introduced earlier [5], where

3a, +a, = (A+2B)[1_(%)3]+(3+C)[1_%}3

where

The parameter

3.2
@ _ (€16:kp) l( L)( .S )_341““2
& =7 lz“zu}” tia 3 l
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characterizes the interaction of the transverse modes in the bulk of the plate. The quantity 0(4 0 =
A + 2u)e(4 % is defined in terms of the part e(4 9 of the longitudinal strain tensor n (4 0) Wthh is
homogeneous throughout the thickness of the plate and is a combination of functlons which were
arbitrary in the first orders of perturbation theory. In order to construct an effective model, there is
no need to represent c( 9 in terms of the displacement fields, since the conditions for the sixth-order
e?uatlons of perturbatlon theory to be solvable give a closed system for calculating o(} ¥, 2{"? and

Two of the sixth-order equations of perturbation theory are used to construct the model of the bending
of the plate

uezéaiuﬁ" ” = d, P(6 »y elezaxP(l‘:’O)
uezela%ugo D= J, P(6 1)+ezszP31 +€€ ZBXP( D B:21)
The functions P& % and P are unknown in Egs (3.21).
The boundary condition
(6 0)|n ap =0 (3.22)

follows from conditions (2.3).
The procedure for calculating the boundary values ng’ U is described in the following section. We
present the result

1) _
P33 |n +12 ©

A+ 2 @n_ A\ €2K0 Vo007 | 8o €1€2]-(0, 20,1
=i{— B € Zko[ (1+2u) )u3 } ——s ’ l

The parameter g(s4) is an integral characteristic of a three-layer medium. It is associated with the surface
forces acting on the plate as viewed from the supports, which lead to an indirect interaction of the
transverse modes in the plate.

The conditions for boundary-value problems (3.21)~(3.23) to be solvable are:

(3.23)

2
HeE; 82 (0 O = ax{(’n +(€1€,) CI| iy l)l } (3.24)
2~ (01) 254002 (01) _(7»'+2u)] 6(01)
H‘-la - koo + [P ——48H €2kou
1 - 2.‘
+}L +2u(elezk0) 82 a0 823) ugo’l)l ugo’l) (3.25)

4 A2 X') 3a, + az] ) @, @
= _Z = = +
q ko[(l + 2u)( W=7 )+——<—| 8 =g +g,

Equations (3.14), (3.24) and (3.25) from a closed system for the calculating the fields Gﬁ’ » ﬁgo’ b,
L_tgo’ 9, 1ts solutions correspond to different initial conditions and different methods of loading the plate

when |X| — oo.
When the deformation of the plate is homogeneous at infinity, it is necessary to put

<t (4) 3a,+a lin.2
ol e = 7511 [ZM ﬁ}”ul
(3.26)
~(0, 1) _ ~(0,0) _
5 e = 001 e = O

In all, it is simpler to obtain this expression for Gﬁ’ 0] x| = Dy the method used in [2].

Perturbation theory for the supports. Other slow coordinates are used to calculate the displacements ¥;,
which better reflect the space-time response of the semi-infinite supports to the bending of the plate.
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The calculation of the components 1‘)(") in the expansion (1.8) reduces to the recurrent solution of
quasistatic boundary-value problems of the linear theory of elast1c1ty, in which the slow time occurs as
a parameter. In this case, the equations defining the fields ¥; © are homogeneous and the equations for
calculating the functions 1)( ) with 1 > 1 contain bulk forces which are induced by the displacements
found in the preceding orders of perturbation theory. Specification of the form of solution (3.1), which
involves separating out the resonance mode and introducing the slow coordinate X, enables one to avoid
the appearance of complex integrals in the construction of the simplified model. The boundary-value
problems for calculating the components T)E"’ D) and I # 0 are Fourier transforms with respect to the
variable & of linear boundary-value problems with sources.
When n = 0,/ 2 (, the displacements T)E”’ ) with I = 1 are not equal to zero:

, 1 ~(0,1
yO 2 GO

_exp(JklE3)
- Y+ 1

151gn§3 signkg[y -1 - 2|k0<";3|]
v+ 1+2JkoEs]

ke (3.27)
A+

A+30
i}
The boundary values (3.16), which were used in the preceding section, are calculated using relations
(3.27).
We will illustrate the general scheme of integrations, taking as an example the second-order equations
of perturbation theory
ikglPF D 4+ €3, P 49,50 = 0 (3.28)

The boundary conditions for these equations are determined from conditions (2.1) and (2.3)

=0, [+2

2 o (3.29)

Problem (3.28), (3.29) has non-zero solutions only for v(-? when |7] <2.
2When I = 0, system (3.28) reduces to the equations o P13 = (), and it follows from these that
P( % = const. The constants of integration are assumed to be zero in order to satlsfy conditions (3.29)

and the conditions that there are no stresses when &; — = oo, The displacements P 29 = 0 are calculated
from the equations v(*

8¢, ke
- 1,0) 0,
0} - +‘1‘; jl COPLY 4 1420y + )Y - Dikols] + 2(keEn) " +
(3.30)
+(y =10y + 1) }d&;
—(l 0) =0
where
_A+2B 3B+2C + A2
1= =7 =
A+ A+p
0,1
x @V = @ Vexp(-Jko)Ey)

For the subsequent analysis, it is useful to introduce the vectors v = (5{", 8¢9 and the matrix
operator

~ A+ 2 koD A+ [1)iCkoh)ds
A+ ithoDd;  (h+2[2)33 - fi(kol)?

-F)
I

(3.31)
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Then, when / = 1, system (3.28) can be represented in the form
v —ie (9, ADagv® Y = 0
It is easy to show that
vt = -ielakoaxv(o’ 1); Iv’sz b - —ielakoaxiv’gjl’ b ‘ (3.32)

The values of P% b lez - g were used in the preceding section when analysing the dynamics of the plate.
When [ = 2, system (3.28) has the form

2ik01c(121’ Dy a3n(1§’ D

. 2,2 L2
szongl )+ a3n% )

A 1 1
oyt = (1D, g2 -
1

where nlgjz’ 2 is the non-linear part of the tensor 151.(].2’ 2 which is expressed in terms of already known
fields (nl(].z’ 2 ~ [ VP). The solution which satisfies conditions (3.29) and the requirement that
v 5 0o when |&;3| — o has the form

i1 +2|ko&3))
~2kE3

D[ 2 € ko(y+ Q) 2
1 I ) Y [x(o,l)]

T (3.33)

Uy

where
Q=7 +27-2-(1- Do+ (Y- Doy
The function P& ? and its boundary values

A+ 2,-(0,1),2

=2 S(erko) (a5 ) {20 + (v~ D)X (0,+ 1)}
(Y+1)

p(2,2)
Pl o
which are needed when formulating the boundary conditions in the next higher order of perturbation
theory, are calculated from relations (3.33) and (1.4).

In order to construct the model of the bending of the plate, it remains to calculate the boundary
values of the function P§; V. Tt is noteworthy that it is not obligatory to calculate the displacements
v Y in order to do this.

In order to find P% 1)|§§ = 0, We return to the third-order equations of perturbation theory with
=1

1

where

2,1 1 2422 (0,1) 3G 3, DT G 3T
w = v >+§e,ak0axv , a=(my L, ny ), b= (g LMy )

and ni(j3’ 1) is the non-linear part of the tensor Pl(]?’ b, which is expressed in terms of the fields (nl(j?” D~
[%© D12 ) that have already been found.

We multiply Eq. (3.34) scalarly from the left by the vector-function p = s’a3 = (53, —53) (see relation
(3.27)), which is the solution of the adjoint boundary-value problem (it satisfies the equation pH{ = 0,
where HY is an operator which is the Hermitian conjugate of H;). The result is integrated over the domain

't = {& > 0} (T = {&5 < 0}). After some simple reduction, taking account of the equality

=0

©,1) _ 3200
g, |§§=o = J,¥ E=0

we obtain an integral representation for the boundary values of the function P(333 b
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531
P33

1
oo = +{j[a3p b - iky(p - a)]dé’;3+131gnk0(;{ )P“ ‘)|g3_0
I

il
=0

Fields which have already been calculated occur on the right-hand side of equahty (3.35). In particular,
the components P(13 b |z - o are determined from conditions (2.3), and 1)( |§_ - o are determined from
conditions (2.1) and relations (3.9).

In the final analysis, formula (3.23), which was used in the preceding section when analysing the
dynamlcs of the plate, follows from conditions (2.4) and (3.35). The parameter g  in relation (3.23)
is determined from the equality

(3.35)

4
€1€8 5. y-Dr, 5. .2 3
e 4(x+u)(y+l)3[Q -1 +27](€llkol) +

(3.36)

."(331’ b)) —iky(p- a)d§3

~(0,)]2~(0,
T

r

The explicit dependence of gg4) on the elastic moduli of the three-layer medium has the form

Elezg£4) =2 5\,+]1
2 (Y+1)

S(Ellkol)3[_{g + 4“2 + B3}(Y - 1)5 +

+2{(3+0,(3+30,)) - B3 Y- 1)4+2{18+Q+4oc1 +0,(2-0+20,) - B,y - l)3+ (3.37)
+2{35+ Q(T- 20, + ;) + 20,(1 + aty) + 0, (11 + 01,) = 2B, (v - 1)+ '

+{31+4Q(6+0a;) +20,(13+30)) - 6B, }(y-1)+2{40 + 3ocf—6ﬁ,}]

where

B= o By =

4. SOLITONS OF THE CORRUGATION OF THE MIDDLE LAYER
We shall seek a solution of system (3.14), (3.24), (3.25) in the form

lin
~(0,0) Tll
U

[

—_x_& [X a2 xyaxe
gy (M +2p) (4.1)

~{0, 1
Y

A(X + VT)exp(iQT + ikX + idy)

where V, x, Q2 and ¢y are real parameters. From Eqs (3.14) and (3.24), we obtain

4,0 4 ~(0, 1)]2 -
Sy = ¢! )”'”g )I [(51‘52)2‘1"'“5‘1‘(/‘0‘/)2] (42)
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The constant of integration ¢® is determined by the boundary conditions. In particular, when the
deformations of the plate are homogeneous at infinity, it follows from relations (3.26) that

. (4) 1 3a,+a in.2
W= {2u+—k.;2u2}[ril1

After substituting expressions (4.2) into (3.25), we find the relation between the parameters V, k and

Q
VQ 2 l(Ezko)z( x)

k==, Vo= 221+~ 43

chr 2\ g 21 (“43)

and the ordinary differential equation for determining A, which admits of a first integral
2 2 P a
(044)" = aA +§A +c (4.4)

Here,

2 Ay 4 A+2u 4 Q (4)
o = —kolpe (V' -V ) | {(ezko) (p— T )+uel(vcrko) (V V Jtc }

-1 2
B = (el (VI = VoI {85+ (koe€2) g + w(el VY)Y

and c is a constant of integration.
In the case when the boundary conditions (3.26) are homogeneous at infinity, a localized solution
of Eq. (4.4) exists when ¢ = 0, o > 0, B < 0, and it is soliton of the transverse corrugation of the plate

~20uBl

" cosh(Ja[X + VT))

(4.5)

According to expression (4.5), there are ,1on-Zero deflections of the plate in a domain with a
characteristic dimension of the order of o %, which moves with a velocity V. When Q = « = 0, the
transverse displacements of the plate have the form

iy = Acos(ko&; + do)

To be specific, suppose ggv) > (. Then, the soliton (4 1) (4.5) is formed in the case of loads 7'} which
are smaller than a certain critical value (close to T17

x4 lin 2(€k\T17 X 3a,+a, Q€]
I <|T |{1—§( : )[?+ﬁ+ wﬂu]}w[vako} (Vi -Vl (4.6)

and moves with a velocity which does not exceed Vcr(V2 < Vzr). In particular, such solitons can also be
stationary. They are stress concentrators and, simultaneously, the forerunners of the subsequent plastic

deformation of the material.
Whenc > 0,0 > c > -o/(2|B]), o > 0, B < 0, bounded solutions exist which describe, in particular,

structures in the form of chains of corrugation solitons

2 2

2 _ A4 (4.7)
— >Cc>—- .
A? ZIBI

A A
. A= A+cn{—§@(x+ VT),k}, K —2-—*—-2, c>0 (4.8)
LAl

A= A+dn{A+ @(m VT),k}, k
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Here

A, = JOOEDYBl, D = JoF+2c|Bl

We shall discuss the form of the solution (4.7) for values of the parameter & close to unity. We will
use the representation

dn(Y, k) = 5’7‘{- ¥ sech[-le,(Y— 2Kn):| (4.9)
where K = K(k), K' = K(k') are complete elliptic integrals of the first kind, &’ = V1 -k% (k' < 1) and
n integers. Relation (4.9) is proved by comparing the expansions in common fractions [6] of the left-
hand and right-hand sides of formula (4.9). The additive constant is fixed by the normalization condition:
dn(Y = 0, k) = 1 and turns out to be zero.

According to relations (4.7) and (4.9) when k&’ < 1, changes in the function A are localized close to
points with coordinates X = (2Kn/A, )N 2/|B| . In the neighbourhood of each of these points, in the
domain with a characteristic dimension /o = (2K'/(r4 )V 2/|B|, the solution of (4.1), (4.7) appears as
a corrugation soliton. Outside these domains the deformations of the material are smalil.

When a < 0, B > 0, bounded, “quasiperiodic” (4.1) solutions exist when 0 < ¢ < 0%/(2p):

B _ A
A = Asn A+\/;(X+VT),k , k= 1

+

(4.10)

Here,
A, = J(JED)/B, D = Jo’-2cP

The simplest of the solutions is obtained when ¢ = o?/(2p) and this is a so-called “dark” soliton

A= A/%Jm(\/@[m vr]) (4.11)

An excited state of the plate with an asymptotic form of the transverse wave type
&g” ~cos(kol, + KX+ QT +¢p), X >t

corresponds to the soliton of (4.1), (4.11).
The “dark” soliton (4.11) describes the modulation of this wave. When gg‘v‘) > 0, “dark” solitons are

formed below the threshold of stability of the plate and move with velocities I which exceed |V, | in
absolute value.

5. CONCLUSION

The difficulty in the theoretical description of the non-linearly elastic dynamics of a three-layer medium
are not solely due to the non-linearity of the material. The non-local nature of the interaction between
the layers makes the problem significantly more difficult. In addition, it is important, in the case of a
layered medium, to take account of the boundary conditions accurately, since they determine the
dispersion of the medium, and this also means the conditions for the formation of soliton-like excitations.
Long-lived, non-linearly elastic solitons are promising for the diagnostics of structurally inhomogeneous
materials since they carry useful information both on the stressed state of a medium as well as on the
geometrical dimensions and material parameters of its individual layers.

The simplest case has been considered above when the external stress and the boundary conditions
in the x,Ox; plane lead to the quasi-one-dimensional corrugation of one of the layers of the material,
which is the result of the interaction of the neutral-stable linear mode ~exp(iko€,) with close unstable
modes. In the general case, it is necessary to take account of the interaction of several groups of waves
in order to describe the bending of the layers in several directions. It is necessary to modify perturbation
theory in the case of other boundary conditions and material parameters of a layered medium. This
leads to a change in the effective model, but the scheme for constructing it remains essentially unchanged.
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